We present an analytic method based on the Hadamard-WKB expansion to calculate the self-force for a particle with scalar charge falling radially from rest into a Schwarzschild black hole, in the case of short duration from the start. This is possible because under this circumstance the value of the integral of the retarded Green's function over the particle's past trajectory can be expressed in terms of two integrals over the time period that the particle has been falling. This analytic result is expected to be useful as a check for numerical prescriptions including those involving mode sum regularization and for any other analytical approximations to self-force calculations.
sum techniques [13, 14] in cases of high symmetry such as a static charge [15, 16, 17] , radial infall [18, 19] , a circular orbit [20, 21, 22, 23] , or a slightly elliptical orbit [22] .
Since the mode-sum regularization procedure has been developed extensively, aiming at practical calculations, it is important to find independent ways to check its accuracy and reliability. This of course also applies to any other method, numerical or analytical that might be developed in the future. To date the checks on various mode-sum regularization procedures which we are aware of fall into three categories: 1) comparisons with exact analytical results, 2) comparisons with analytical approximations, 3) comparisons of the results of one mode-sum regularization technique with those of another. Most of the comparisons that have been made fall into the third category [19, 21, 22, 23, 24, 25] . Comparisons with exact analytical results are of course the most reliable but also the most limited. They have only been done in the case of static scalar and electric charges held at rest in a Schwarzschild spacetime [15] . Comparison with an analytic approximation in the weak field limit has been made for a static scalar charge at rest in an axisymmetric spacetime [17] . In this paper we present results which can be used as a check in the second category. However, unlike most previous analytical approximations to the self-force, ours is valid in the strong field as well as the weak field limit. Specifically we consider the case of a particle with scalar charge falling radially from rest towards a Schwarzschild black hole.
In a previous paper [26] (which we will refer to as Paper I) we introduced an approximation for the computation of the self-force of a scalar charge in a Schwarzschild spacetime using the Hadamard-WKB expansion [27, 28, 29, 30, 31, 32, 33] which can account for the radiation reaction effects from the charge's recent past history. This is an expansion for the tail term part of the retarded Green's function and is valid in a spacetime region close to the charge. A similar approach has been taken to compute part of the gravitational self-force in an arbitrary spacetime by Anderson, Flanagan,and Ottewill [34] . In Paper I an eighth order WKB expansion was used to compute the nonvanishing part of the tail term to order (x − x ′ ) 6 . Since then we have obtained results to order (x − x ′ ) 14 using a 16th order WKB expansion. Recently Anderson and Wiseman [35] investigated the convergence of this expansion. They proposed that convergence is obtained as long as the point separation in proper time is small enough so that the null geodesics emanating from the point at the earlier time have not had time to re-intersect the particle's path. We know the absence of caustics is perhaps the least stringent criterion for the validity of a quasilocal expansion (e.g., the domain of validity of Riemann normal coordinates). After computing such proper time separation for a particle orbiting a black hole in a circular path, they use the result of Paper I
[Hadamard-WKB expansion to order (x − x ′ ) 6 ] to evaluate the convergence of the series expansion of the self-force.
Anderson and Wiseman go on to show that the primary constituent to the self-force comes from the tail term of the Green's function when the points are too widely separated for this expansion to converge. This would seem to rule out the possibility of using the Hadamard-WKB expansion by itself to compute the self-force, which is not surprising, as the quasilocal expansion has this intrinsic limitation to begin with.
However, we want to point out that there is at least one case in which it is possible to determine the entire self-force using the Hadamard-WKB expansion. That is the case of radial infall from rest when the particle has not gone very far from its starting point. As we show in this short communication the reason is that there is a way to find the value of the integral of the retarded Green's function over the particle's entire past trajectory in terms of an integral over its tail part.
This unusual result is possible for a particle which starts at rest and which has not gone very far from its original location. While the range over which the method can be used is small, the results can serve as a useful check on other methods of computing the self-force.
After a brief review of the computation of the self-force we outline our calculation for the problem specified above. We derive a closed expression for the self-force in terms of integrals over the tail part of the retarded Green's function when the points are split by only a small amount.
We then use the Hadamard-WKB expansion described in Paper I to compute the self-force for a specific example. The results of this calculation are given in Table I and Figure I . We also compare our results with those obtained earlier by Barack and Burko [18] via a numerical modesum computation.
II. REVIEW OF METHOD
Consider a massless scalar field with a source term consisting of a point particle of charge q.
The wave equation is [2, 6] 
(1)
where τ is the proper time and z(τ ) is the trajectory of the particle. A formal solution to this equation can be obtained using the retarded Green's function:
The self-force is given by
Quinn [2] has shown that the expression for the self-force can be split into a local term plus an integral over the gradient of the retarded Green's function when the points are separated.
The Hadamard expansion for the retarded Green's function is [2, 30, 31, 33 ]
Here θ(x, x ′ ) is defined to be zero outside of the past light cone and one inside of it. The quantity σ(x, x ′ ) is equal to one-half the square of the proper distance between x and x ′ along the shortest geodesic connecting them. The function v(x, x ′ ) contributes to the tail part of the self-force [2] . It obeys the equation
In a general spacetime [28, 29] v(x,
The tail term for the self-force obtained from Eqs. (1) and (2) can be written in the form (see, e.g., [35] )
It is necessary that τ 0 be chosen so that the Hadamard-WKB expansion for v converges throughout the region of integration of the first integral in Eq. (7).
An expansion for v(x, x ′ ) in Schwarzschild spacetime was found in Paper I using a WKB expansion for the Euclidean Green's function. The WKB expansion is obtained via an iteration procedure and is increased by two orders upon each iteration. From a WKB expansion of order (2N ) one can obtain an expansion for v(x, x ′ ) that includes terms up to order (x − x ′ ) 2N −2 . For a metric of the form
the expansion for v is
Here cos γ ≡ cos θ cos θ ′ + sin θ sin θ ′ cos(φ − φ ′ ).
We have recently found that it is possible to extend this expansion to order (x − x ′ ) 2N −1 by using the fact that v(x, x ′ ) is a symmetric function. If one takes (2N − 1) partial derivatives of v(x, x ′ ) with respect to some combination of the coordinates x a and sets x ′ = x then by symmetry it must be true that taking the same combination of derivatives with respect to x ′a and setting
x ′ = x results in an equivalent expression. Using the expansion (9) results in the coefficients of terms of odd powers of (x − x ′ ) being expressed in terms of the coefficients of terms of smaller even powers. The coefficients of terms of even powers of (x − x ′ ) cannot be obtained in this way and must be obtained from the WKB expansion.
III. COMPUTATION OF THE SELF-FORCE
We now proceed to compute the self-force for a particle of mass m and scalar charge q falling radially from rest. We assume that the particle has been held fixed at r = r 0 , θ = θ 0 = φ 0 = 0 from t = −∞ to t = 0 which corresponds to proper time τ = 0. At that point the particle is released, with no initial velocity, and subsequently falls radially into a Schwarzschild black hole of mass M .
Our objective is to calculate the self-force exerted on the particle at time t = t 1 > 0 corresponding to proper time τ 1 when the particle is at r = r 1 .
The first term in Eq. (7) can be computed using the Hadamard-WKB expansion. The results of this computation are discussed below. The second term is more difficult. We next show that it too can be computed using the Hadamard-WKB expansion. This unexpected and (pleasantly) surprising result is due to the fact that the charge is stationary until it begins falling at time t = 0.
Let us first consider a different problem which consists of computing the field Φ at position r = r 1 , θ = φ = 0 due to a static charge q at position r ′ = r 0 , θ ′ = φ ′ = 0. The field of a static charge in a Schwarzschild spacetime has been computed by Wiseman [6] . For the above locations of the charge and field point, with a metric of the form (8), and taking into account a difference in sign conventions, it is
From Eq. (2), the field due to the static charge is also given by the expression
Dividing the integration region in the same way as was done in Eq. (7) and using the Hadamard expansion (4) gives
In the second term the integration variable has been changed from τ ′ to t ′ . The two theta functions in Eq. (4) result in an upper limit of integration which is equal to the retarded time t R , defined explicitly in Eq. (20b) below.
Note that the third term on the right in Eq. (12) is the same, except for the gradient, as the second term on the right in Eq. (7). The value of this term can be obtained by computing the other three terms in the equation. The term on the left is given in Eq. (10) and the second term on the right can be computed using the Hadamard-WKB expansion.
To calculate the first term on the right in Eq. (12), we first note that the argument of the delta function vanishes on the past light cone of the point (t 1 , r 1 , 0, 0). Since the charge is static and thus the radial points are fixed we can use the following expansion for σ:
where the shorthand notation σ µ ≡ σ ;µ has been used. Then
Next one must calculate u(x, x ′ ) for the points (t 1 , r 1 , 0, 0) and (t R , r 0 , 0, 0) which are connected by a null radial geodesic. By substituting the Hadamard expansion into the equation satisfied by the Green's function it is possible to show that [27, 28, 29] u(x,
Thus what remains is to calculate σ t R and σ ;µν ′ for the two points (t 1 , r 1 , 0, 0) and (t R , r 0 , 0, 0) which are connected by a null radial geodesic. Although there may be some simple way to reason out the answer, it can be obtained by solving the geodesic equations and integrating the result to obtain the proper distance along the geodesic. After some algebra we find
Substituting Eq. (16) into Eq. (12) and computing the integral one finds that
With the definitions
Eq. (7) becomes
Therefore the problem of calculating the self-force reduces to calculating Φ s and Φ f . This is an exact result. We now attempt to calculate the right hand side of Eq. (19) using the Hadamard-WKB expansion that for v(x, x ′ ) whose form is given in Eq. (9). For radial geodesics, cos γ = 1, so only the coefficients v i0k (r) contribute. The result for Φ s is
To calculate Φ f one can use the geodesic equations [36] to convert the integral (18b) to an integral over the radial coordinate r. One can further solve the geodesic equations to obtain the trajectory t(r). After substituting the Hadamard-WKB expansion for v, the integral (18b) can be computed
numerically.
An alternative is to expand all relevant quantities in both Φ s and Φ f in Taylor series about r 0 .
This allows one to compute the integrals analytically order by order. After a substantial calculation the result to leading order is
It turns out that each subsequent order of the WKB expansion adds another term to the series.
Using a 16th order WKB expansion we have results for a total of six terms in the expansions for both f t and f r * (not displayed here for lack of space). The dependence of the temporal (f t ) and radial (f r * ) components of the self-force on the radial distance r/M are given for a particle initially located at at r * = 40M which corresponds to r ≈ 34.43M .
The error shown for each case is an estimate of the relative error and is obtained by taking the absolute value of the ratio of the last term used in the series for the self-force to the entire series.
IV. RESULTS AND DISCUSSION
As a specific example we have chosen the case in which a particle begins falling from rest at r * = 40M at time t = τ = 0, with r * the Regge-Wheeler coordinate defined by
A 16th order WKB expansion was used to compute the self-force and the results are displayed in Table I and Figure I . The relative errors in the table are estimated by taking the absolute value of the ratio between the last term in the series expansion (21) for a given component of the self-force and the entire series for that component.
The initial value r * = 40M , which corresponds to r ≈ 34.43M , was chosen in order to compare with the numerical computation by Barrack and Burko [18] . They used a mode sum regularization method. Unfortunately the points in their Fig. 3 do not go to large enough values of r/M to allow for a quantitative comparison with our results. However one can say that both the signs and values that we find for f t and f r * are consistent with theirs.
The expected convergence distance obtained by asking how far the particle will fall before a null geodesic leaving the location of the particle at time t = 0 will take to circle the black hole and intersect the particle in a new location is r ≈ 30.7M . On the other hand, an examination of the error shows that our series solutions for f t and f r * require a fairly large number of terms to converge, for r > 33M . While the range over which we can compute the self-force is relatively small and the calculation is for radial infall from rest in a Schwarzschild spacetime, the merit of this method is that it produces reliable results and thus can provide an independent check on other (existing and future)
prescriptions for the calculation of the self-force. The generalization to the cases where the selfforce is due to electromagnetism and gravity should be straight-forward. The results obtained from this method could then be used as checks against those already obtained for these cases such as from the prevailing mode sum calculations.
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